
Chapter 10 Systems of Equations
and Inequalities
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5

.E
x = y + 1

4 (y+ 1)+3y
= 18

4y+ 4+3y
= 18

< y
= 14

y
= 2

( = (2)+ 1

= 3

:

. x=3 , y
=2

9. [
Eg1 + Eg2 : 4x = 8

x = 2

2 - 4y = -2 : (2 , 1)
- 4y =- 4
y= 1
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3 Partial Fractions

1. Distinct Linear Factors

2. Repeated Linear Factors

3. Irreducible Quadratic Factors

4. Repeated Irreducible Quadratic Factors



·
4 = A(x

-2)+ Bx(x
-2) + (

4 = Ax] 4Ax + 4A
+x- 2Bx

+ (

4 = (A +B)+ 7
4A -2D+ c() + 4A

A = 1
,

A + B = 0 =-
B= - 1, S⑫ (iii)

- 4A - 2B
+C = 0

- 4 +2+ 2
=0r=+
c
=2



2. r(x)=
24RR

(ii)

~i+2)+

4

.=D

i=+

5.



it=

2 = A(x+ 1) + B(x
- 1) 25(12/23

2 = All+A + Bc- B

2= (A+ B)x + A
- B

A + B = 0 - Q

A - B= z - ②

0+ Q : 2A = 2

A = 1

1 + B = 0

B = = 1

=it



14 . 2x

Iyx + 1 =+

2x = A(x
+ 1) + B(x - 1)

2x = (A+ B)x + A - B

A + B = z
- Q

A - B = 0 -

:
2A = 2

A = 1

1 - B = 0

B = 1



15.
2611212

5 = Ax + 4A + Bx - B

= (A + B7x + 4A
- B

A + B= 0

4A- B =5u+4

A+ B = 0

B=
- A

4A + A
= 5

5A =5

A= 1

B= - 1



16.=
x+ b = Ax+ 3A + Bx

= (A+ B)x + 3A

A + B = 1

3A= 6
A = 2

2+ B = 1

B= - I

=-



17=

=+
12 = A(x - 3) + B(x

+ 3)

12 = Ax - 3A + Bx
+ 3B

= (A + BTx +
313- 3A

12
-A +B = 0

C++3)6-
3)s

3 B- 3A = 12

A
=

- B

31 - 3( - B)
= 12

6B = 12

B = 2

A =

- 2



27/12/23

1

=
x - 12 = Ax

- 4A + Bx

x - 12 = (A + B) - 4A

A + B = 1 x - 12---x
1 2 = 4A 12(1-4)

A = 3

3 + B = 1

B =
- 2



Chapter 11 Matrices and Determinants

1. Matrices and Systems of Linear Equations

2. The Algebra of Matrices

3. Inverses of Matrices
and Matrix Equations

4. Determinants and Cramer's Rule
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/ Matrices and Systems of Linear Equations

5 [] a byn

11 ,
>x+ y -z

= 2

2x - y
= 1

x
-2 = 3

↓
(a) yes

(b) yes

(2)
21 . --112 8

3 114I 1 -2 - 1 -J



↓ 3R +R2-Ru

--12

L]

25
.

[1
-243

]O 12

o o 13
(a)x - 2y + 4z

= 3

y + 22
= 7

z = 2

(b)
y = 3

x - 6 + 8 = 3

x= 1

(1 .
3
, 2)



29 .x) - 2y+ z = 1

y +2z = 5

x + y + 32= 8

-

I -21

OL i]
↓ Re-Rit

Ry

-
1 - 2

I:]
x
- 2y+z

= 1

↓ R3-3RnTMs

· O-p)[b -
y= 1

↓ - teRs -> is x-2(b)+z
= 1

·x= 1
- 2

I ] : (1 ,
1
, 2)2

O I



3)
.
x + 2y -z = - 2

x +2 = 0

2x - y - z = -3 ↓ERe- Ry

[ & [01 O

↓
Re-R,t Rz

-

I↓- L·R3- 2R, -> R3 O 10
/

[ ↓ R-2174,

↓ - [R2 j100
-1

I010 0

001 ↓

[i3. ... x= - 1
1 - 1 - 1

y = 0

z= 1

↓, R3 + 512- Ry

-

I

L g 231od



39 . x + y + z = 2

y - 32
= 1

2x+ y + 52
= 0

- 1

IiiJ
↓ R2-2R.- Ry

[in]
↓ RstRutRy

-

1112

L 01 -11 J
000 - 3

... Inconsistent

Linear System



40. x + 32 = 3

2x + y -22 =5
- y+ 82= 8

- 1 03

2 1
-25L-10 &

↓ 2R-R2-Ru

[i]
1 R2-R3

-> Rs

To]
: Inconsistent Linear System



41
.

2x - 3y - 92= -5

7 + 32= 2

- 3x + y - 4z= - 3 ↓
-

2 - 3 - 9 -
I 03

- 7 - 35 - 21

-,
. IL I: 00 o

: Dependent

↓ - 1
- 3 - E

- 7

006
I-I - 3

2
_R .+

- R

↳ IRtRz [6 &3
0000 3

R -2R3 + Ry
x + 32= 2

- 2 - 3 - 9 - 5

↓ O -> -5
-217 y + 52= 3

0 - 3 - 15 - 9 Letz betw
7 = 2 - 3t

y = 3 - 5t

2 = t



x
- 2y+5z = 3

42G-ax+ by - 11z= 1

3) - 16y +20 z = -26 ↓R
+&R-R,

IEs jii 7 [
3 - 1620

- 26
x + 42

= 10

↓R y - +z=

Let z be t,
3

x = 10
- 4t

[ 2I & y
= E+ t

0 10
- 535

z =t

↓

[]



4

L
[
↓

-]L

t=)
0 - 15 -2

↓ RstRatRy
.

· Inconsistent
-

- I - 13

L %d 5
?3

linear system
- 5



49 . 4x - 3y + z =
- 8

- 2x + y - 32 =
- 4

x - y + 2z
= 3 ↓ R

- 1 -3141/4 - 2

01516

I I
-2 o1

↓ER+ Ry -Ry·↓ ER , I
↓ ERs

↓
00 13

- 8

:x[ ↓
y= 1

,
- 2kz [ -0

z = 3 ↓ - 0 - 13
3

- 4 R3 ↓ Ri+ 3/4Rz->R,

[][10
-7

- 28
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Form of a Matrix

Elementary Row Operations
Back Substitution

Linear Systems with One Solution

Dependent or Inconsistent Linear systems

Solving a Linear System
Applications

① Linear Systems
29-48

②Solving a Linear System



Ji ??]
(a) Yes

(b) No

(2)x + by = - 3

y
= 5

②

[ii]311

↓3R, +Ra-Ru
-- 12

I↑]



③ 26

.I 01 -35J.
(a)x +y

- 3z = 8

y
- 3z = 5

z
=
- 1

(b) y - 3z = 5

y
- 3( 1) = 5

y = 2

x + y - 32
= 8

x + (2) - 3
- 1) = 8

x + 5 = 8

x= 3



x +y + 62
= 3

⑪ so. E x+y+3z = 3
x + 2y +42

=7

2 = 8

[] y -2z
= 4

y - 0
= 4

Gaussian Elimination y
= 4

↓R x +y+6z
= 3

x + 4+ 6(0)
= 3

[d] x =
- 1

=. (1 , 4 , 0)

↓ Re

[ ]
↓ - Ri

01 - 2[ !! " ]



x
- 2y+ z = 1

y +2z=5
29

. E
x+ y+ 32= 8

-

1
-2

L·] I = 2

I y+2z = 5

y +2(2)=5

↓
,

Ra-R = Re y= 1

x-Ly+z
= 1

[di25] s+( = 1
0 327 x= 1

↓
,

R1-312- Ra

i
.

(1 , 1
, 27

012I'·]
↓ - R3

[1
-2

i &o 1 2

00



3)
.

x + y+ z
= 2

&-
ERs

↓
-

1 1[] L:]
/2R-R-R ↓

R

R1-R3-TRI

[05] [ J4 I -31
001 ↓

↓Es ,=0
- I 11

L · 10 ]
0377

↓ Rs-3R2-R3

[0 : d]
00 77



32
. S
↓

[i] -]I
↓

↓
R1-R-R ,

8 - 2

O 103[ii] Li 3
&

↓ Rn-ReERsi . /
= -2

,
y = 3 , z

= 3

[ii]
↓

-

I 114
0 14137L 0 013

3
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x + 2y - z =
- 2

x + z = 0& 2x - y -z = - 3
z = 1

[i & y - fz=
-t

y = - j + y = 0
↓ R2TRy

[ii] x+ 2y - z =
-2

x+ 0 - 1 = - 2

↓R x =
- 1

:
. (1 ,

0
, 1)

[ii]
0 -222 E

-ER2 /,Re-ERERS - IR3

[
↓ R3

[iii]
O



34
. Set

z = 2

[ y+ z= 2

y + +(2)= 2

1
,

RizTRz y = 1

x +y = 4

-] x = 4
- 1L

= 3

↓
R3-3RtRy : · (3 , 1

, 2)

[j
↓

4

I" in7
2



⑤ Dependent or Inconsistent Linear Systems

40
· Gets

- y + 82
= 8

[ J
↓ R2-2R+R,

I - 8[ii]
↓ in+ R +Rs

I'
03

3]01
- 8 +

O 00

.. No solution
,

Inconsistent



⑧ solving a Linear System

50.
2x - 3y + 52

= 14

E 4x - y - zz =
- 17

-x - y + z = 3

- 2 - > 5

L 4 - -2in] F
- 1 -113

- 1 - 3125/2 7

#Re 10-125-&
/

z = 5

05 - 12
- 45T y - -(5)= 9

y =
-9 + 12

ze I
= 3

Y
x- z(34 +C

= I

- 1 - 3/25/2 T

7I O 5 - 12 - x - E + E = 7

O O - 5/2
x + 8

= 7

x
=

-



2x - 3y + 52 = 14

2 (5) - 3(=) +
5(3)

=
- z - z+

= 70

5
= 14

4x - y
- 22 = - 17

4 (5) - (E)
+ 223)

=

- E - 5
+ 5
=5

= 5

69 .

517 + 10y + 152
= 58

15x +2 + 0
= 50

10x + 10y + 102
= 50

- 5 10 15

L15 20 0]
10 10 10 50



-

!31I 22210&
#Resist

To
R3-R2-Rs 1
,

[d]
Is I

[ !
2

10]g 1 18

0 2

x = 10- 3(y) -2)
2= 2 y

= 10= EC) = 2
= I -

-
(2 , 1

, 2)



11 . 2 The Algebra of Matrices

& Equality of Matrices

② Matrix Operations

⑤ Matrix Equations
④ Linear Systems as Matrix Equations

⑤ Applications

②



②

Matrix Operations 8 /3/2024

9 I 3] + [j2]
= [15]

10. - %

! j) - [s =]]L
= [i]

11
. 3[-] = [2 ]
12 . 2 [ii] + [,)
· not possible , because you cannot add

& 3X] matrix and a 3x2 matrix together



[E]
: not possible , 3x2 matrix

and a 3x2 matrix

are not allowed to be multipled together

"[i][]
-

2(1) + 1(3)+2(2) 2(2)
+ 1(6) +z(0)

= ( ]
6 (1) + 3(3) +472)6(27+ 3(63+4(0)

= [i]

"[ii][ii3) =[]
= [, -1)



[][i] = [i]
= [i]



32
. (a) B2 = [15]]
· 2x3 matrix and 2x5 matrix

incompatible

(b) F= [08][&
=

3 . (a) An= [ "][!]
= [stS 2
= [24]



(b) A3 = A2A

= [][is]
=

[30 n
-

130258
=

I
4387

]

34 . (a) (DA) B

= [3[3-5][?"5]
= [14 - 14][35]
= [282128]



(b) D(AB)

=Ec][
= [282128]



③ Matrix Equations
A= j4g) B = [33]
c = [23] D= [ ]

17
.

2x +A = B

2x= B - A

= [5] - [43]
= [i]
x = 1[-]
=

[! ]



18
.
3X - B = C

3x = c +
B

· no solution
,

( and I cannot
be added

together as their dimensions are
different

19 .

2 (B -X) = D

2 ([[] - x)
= [00

2 [25]-2x =[
: no solution because B is 2x2

,

and D is 3X2

20 . 5 (X- 2) = D

5X - 5)
= D

5X --[] = []
5X = [] +[



5x = [30]
X=[
= []



& Linear Systems as Matrix Equations

4 . Gb-5y
= /

32+2y = 4

[][] = [i]

48
. G

y - 2z = 4

[i][ = [i]
49

. &Sth-
+=0

->
= 5

32 +xy
- (( = 4

-

3

I<][ : [in)o
- 1





⑤ Applications



5=[ = [*]&
E . matrices have different

dimensions
,

so they cannot

be equal

2n [i] B = [ ]
a =
- 5

,

b = 3



Matrix Operations

9.

[3] + Ej' :]

=
=

[ii]
Matrix Equations

17
.

2x+ A = B
A = [Y3]

,

2x = B - A B = [i]
X = 2 (B - A)
=[]
= I [i]



= [i]



Matrix Operations

2) .

(a) B + C

=[3(5) + [ -
= [ ]
(b) B + E

· cannot be performed because

the matrices have different

dimensions
,

B is 2 by 3 while F is

3 by 3



27 . (a) AD (b) DA

Ad = [ii] [] DA-ls]
: undefined ,

= []
2x2 matrix and IXZ

matrix
= [in]



Equality of Matrices

43 . [ ] = [iii]
x=2 Zy=2

4 =2x6
= - by

x= 2
y
=

- 1

Linear Systems as
Matrix Equations

47
.

2x- 5 y = 7

3x+ 2y= 4

[5][i] = [in]



Applications

53 -

JOO-
[2] = 1

(a)
(b)Matrix AB

AB = [ISNOT shows the

number of

members in

-

= a
75

-PtoI
each category

L #
years

of

0 + 4 + 3

Erstsecondary
education.

= [ & 5 no education
,

0 + 4+ 3 and so on

= []
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3 Inverses of Matrices and Matrix Equations

① Verifying the Inverse of a Matrix

② The Inverse of a 2X2 Matrix

③ Finding the Inverse of a Matrix

① solving a Linear System

⑤ Skills Plus

③ Finding the Inverse of a Matrix



& Verifying the Inverse of a Matrix

3
. A = [ 2] B = [i]

An = [I]Ei]
= [
= [ii]

BH = [ii][[i]
= [*]
= to i]

4. A = [2+3]B = [< -42]



AB = [? -3][-]
= [i]
= [i]

BA =[][=]
= [
= [ii]



② The Inverse of a 2x2 Matrix

2. A = [&]
A=[]

F
= ]

An[s][I]
= [
=

[i]



8
. i = [022]

- 2 - 1 O

21

+
s

I 00]O 2 2

- 2
- I 0 0 01

13 +2R.
->Rs]
,

I[
In

I[
R1-5R2->Rs ],
-

1 3oi?d , :↓ I ]
00 - 1 12 -521



- * 1

·][ I
00

,
·
15I's I I
00 1

-2512-1

1 1
- BR-R

,
[00I

- 2512 - 1

" = [ii]
BB" = [03] ] =[]



③ Finding the Inverse of a Matrix

"
. [ii]
A" = Tibe [_)

=to [*]
= [25]

12 . [i]
A= [ii]
= is []
= []



Ei]

↑
= [*]

14 []
A=)

= [ii]



15 .

[6]
A = [ ]
=
24 -24

-A "does not exist

16
. [I "P]
A=[i]

-]
= [ii]
= Eisiz]



17
.

[04 ]
A=[i]
-[]
=-[ii]
= [inin]

↓ins) = McAtMAMAs
2 = (D")" / + 0

1

[ +1353/2

I
100]

=

- 5 + 6

[2010 = I

I 001

↓



I[]
↓

-

I 112 3141400
01 - 1130 113-1L I I
0 0 1 -326

↓
-

1 112 O 512 -3/2
-9/2

L 010 I - I 11 J
001

-326

↓
R , - ERztRi

- 5

!00]I



① Solving a Linear system

39 . - 3x- 5y
= 4

2x + 3y = 0

[ ] [] =[]

[]=o [*][ :]
= [s]

3+ 4y
= 10

40
.

7x+ 9y = 20

[i] [s] = [ 2]

[j] =[]]
= [][i]
= [8]



47 .

x +y 2z = 3

S2x + 52 = 11

2x +3y = 12

↓Re

1 - 2

2 05 1 -[= 30i] L I I
↓ RztRa z

= 1

y +4z
= b

-

1 1 - 2

L 230 E & y
= 6 - 4

20511
= 2

↓ R2-Est Ra x+ y - 2z
= 3

x = 3 - 2 + 2

[i] = 3

.. (3 ,
2 , 1)

↓ R2-2k , -> Ry

[di
↓ Re-ER2-R3

1 -

2374Iji
- 17 in
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3 Inverses of Matrices and Matrix

Equations

I
.

(a) identify

(3) A
,

A

(c) Inverse matrix

3. x = [] 2] ,
B= Ei]

As = [ ! <][iii]
= [i]
= [i]

PA = [i] [I 2]
= [i] = to i]



: AB =BA = Iz

- B is the inverse of A

2
A = [S2]

↑
= Esi"]
= ['z]

AA" =[Es [in]
= [I
= Ibi]



A A =

[ii]ts2]
= [in]
= [i]

- AA =AA = In

I
O

J"
I



R, +R2-TRz

-O-> L I I
R2+ R3-Rs

↓ Ru

-> iii) is in]
0 5 -1011

R3-5Rz-R3

--> L O

-> G I

- 6R3

-I'
R1- Rs-Ri

- 1 2

-> O / I
R2+ R>+ R2 I

00 15 n
-)

R . - 2R2TR, - 1 O]L O I->
00



-
. Inverse : --I J

"[I]
[ I ]

R2- 4R,- R2

->

->

-B-R , = R3 L 0
- 3

R3-R2tRy
- 1

I00 -11
]

-Lastrow all O's
,

so the matrix

does not have an inverse



Solving a Linear System as a Matrix

Equation

39 . &
- >x - 5y

= 4 (e+ A
=[

2x + 3y = 0 X = [ 3] ,
- I

[i]
B = [*]
AX = B

-
= [?. & []= E-i]

= [i]
= [s]

-

. x = 12 , y=8



31
. (a) [ m] = A

&[indo 0012-ER-TR2 - 3
-> I O
13-R , -R3 0

To%]Ri
~ O

Ry-R2-R) - I 113

-> G
!30I I J

00 11
->2)

R.

- R3 -> Ri
- 1 113 O

- 213 312
-> I15:0 in]



R 1-RzER,
-

I

I Ih
AX =B

[] = T
X
= A
-
B

[i]Fi
= [2]

.

:

.

x = 1
, y= 1

, z= 2



(2) [ ][] = [i]

[] = [i] [i]
=

[
= [a]

CD ( = [ii]
= []

: No
,
becau



1 1
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4 Determinants and Cramer's Rule

① Finding Determinants

② Minors andCofactors

③ Cramer's Rule

① Skills Plus

① Finding Determinants

② Minors and cofactors



① Finding Determinants

% [ii]

120 = a b
i

= 6

6
. [ii]
12 +)=

[]

1
= O



8 . []

12 I

= 0 .270 . 8) - 0 . 42- 0 . 4)

= - 0
.
16 + 0 .

16

=

O

9

[oi]
1 - ) = ad - bc = - 4

- 0

=

- 4

10/1 = :2-1
. 3



21 .

-

2 10

I 0 -247O 1 - 3

1 =AAA
= 2 . (1)P +(1)4)
+0 . (14)
=

2(2) + 0 + 0

= 4

25
. /25At an

a

I
+ 2(1943)

=

o -2( 6)+2(0
- 4)

= 12-12

= 0 ...
no inverse



② Minors andCofactors

12
A= -]↓ 5 2

15. M 1,
= 20 - 0

= 20

Al = c- 1)M ,,

= 20

16 . Mys = 5 - 0
= 5

Ass = G 1) Mas
= 5

17 .

Miz
= - s(p) - 2 (0)

=

- 12

A = (-1)3 Miz
=

- 1(- 12)
= 12

18. Mis = 13 1 = 0

Ai = (1)
*
Mis = 0



19 Mus = 18) = 0

Aus = (1)
5
M2z = O

20
.
Moz= ] .!" = 2 + E = E

A3z = (- 15 M3z= -E



③ Cramer's Rule

41
. SLE

S
Dy = [ ? ]

T
=
=
=
=5

= - 2

.

. x= - 2
,
5



42
. [GTEs

D =[ 12]D
= [ ] D =[i)

x= =
120 - 132
-=

=

42 - 48

= = =
2

= 2

43
. G
D = [ =

PX= [3]p[3
1= H

i =
=-

=



5 .

[83]
(A) = 105%
= 6 - 0

= 6

21 . To]
144)
= a i. Ali +CzAiz +

disAis

= 21-118-5) + %i
= 2(6 -4)
·

has an inverse as

= 4 1-2 (i) + 0



25. [i]
↓ Lo =

an Ax + AszAstassAsI
= o +2(((2j)+2(x)209
=

-z(8 + 4) +2(0
-

6)
=

- 2( - b) +276)

= 12 +2

= O

35
.

8 04 6

I 2 113 I2123

3017
Row 3 - Row 2-> Row 3

04 6
2 11 3

=

1 % o 10 I
B O I T



= o + 0 + assA3 + 0

= 12295)I
307

= o + 0 + at 14)5 % )
= 6(0 - 3)
= - 18

41 . (2x
- y =

- 9

x +zy = 8

(x = 1 ? Il
= 4 - (

-1)
= 5

1Px1= /I
=

- 18-78)
== 10



(Pl = 12Y
= 16 - 79 . 1)

= 25

S
x - y +2z

= 0

4 [ y** Ed
IPFI ?

" 2

IO I

2 O

= [21 Azi + AzzAzzt azs Ans

= 322) + o + 1) (2)
=

- >(0- 4)
- 1(2

- 1)
= 12 - 1 = 1)



((x) = 1, 3
=a3zAsz
=

2 . 715/199
=

- 2(0 - 22)
= 44

(P31 = ( _ im
= 931A3I

=--4), )
=

- (0 - 22)
dizAiz

= 22

ID



==-
= 22 11-

=

- I
= 4 = 2

*
:.=/
= It (a . 3 A , 3)

=(1 . 214)))
= Iz(42)
= 21


